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Figure 1

A hemispherical bowl of internal radius 4r is fixed with its circular rim horizontal. The centre
of the circular rim is O and the point 4 on the surface of the bowl is vertically below O.
A particle P moves in a horizontal circle, with centre C, on the smooth inner surface of the

bowl. The particle moves with constant angular speed 38—g .

7

The point C lies on OA4, as shown in Figure 1.

Find, in terms of 7, the distance OC.

®

A particle P of mass m is fired vertically upwards from a point on the surface of the Earth and
initially moves in a straight line directly away from the centre of the Earth. When P is at a
distance x from the centre of the Earth, the gravitational force exerted by the Earth on P is

: : k :
directed towards the centre of the Earth and has magnitude —-, where £ is a constant.
X

At the surface of the Earth the acceleration due to gravity is g. The Earth is modelled as a
fixed sphere of radius R.

(a) Show that k = mgR>.

(2)
) ) R . |gR
When P is at a height 7 above the surface of the Earth, the speed of P is =
Given that air resistance can be ignored,
(b) find, in terms of R, the greatest distance from the centre of the Earth reached by P.
(7
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Figure 2

Figure 2 shows a container in the shape of a uniform right circular conical shell of height 6.
The radius of the open circular face is . The container is suspended by two vertical strings
attached to two points at opposite ends of a diameter of the open circular face. It hangs with
the open circular face uppermost and axis vertical.

Molten wax is poured into the container. The wax solidifies and adheres to the container,
forming a uniform solid right circular cone. The depth of the wax in the container is 2r. The
container together with the wax forms a solid S.

The mass of the container when empty is m and the mass of the wax in the container is 3m.

(a) Find the distance of the centre of mass of the solid S from the vertex of the container.

C))

One of the strings is now removed and the solid S hangs freely in equilibrium suspended by
the remaining vertical string.

(b) Find the size of the angle between the axis of the container and the downward vertical.

(&)
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Figure 3

One end of a light elastic string, of natural length / and modulus of elasticity 3mg, is fixed to a
point 4 on a fixed plane inclined at an angle « to the horizontal, where sin o = 2.

A small ball of mass 2m is attached to the free end of the string. The ball is held at a point C
on the plane, where C is below 4 and AC =/ as shown in Figure 3. The string is parallel to a
line of greatest slope of the plane. The ball is released from rest. In an initial model the plane
is assumed to be smooth.

(a) Find the distance that the ball moves before first coming to instantaneous rest.

©))

In a refined model the plane is assumed to be rough. The coefficient of friction between the
ball and the plane is 4. The ball first comes to instantaneous rest after moving a distance % /.

(b) Find the value of .
(6)
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Figure 4

Figure 4 shows the region R bounded by part of the curve with equation y = cos x, the x-axis
and the y-axis. A uniform solid S is formed by rotating R through 27 radians about the x-axis.

2
(a) Show that the volume of S'is %

“4)
(b) Find, using algebraic integration, the x-coordinate of the centre of mass of S.

(7

A particle P is attached to one end of a light inextensible string of length a. The other end of
the string is attached to a fixed point. The particle is hanging freely at rest, with the string
vertical, when it is projected horizontally with speed U. The particle moves in a complete
vertical circle.

(a) Show that U> /Sag .

®
As P moves in the circle the least tension in the string is 7 and the greatest tension is A7
Given that U=3 ,/ag ,
(b) find the value of k.

©))
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A particle P of mass m is attached to one end of a light elastic spring of natural length /. The
other end of the spring is attached to a fixed point 4. The particle is hanging freely in
equilibrium at the point B, where AB = 1.51.

(a) Show that the modulus of elasticity of the spring is 2mg.
(&)

The particle is pulled vertically downwards from B to the point C, where AC = 1.8/, and
released from rest.

(b) Show that P moves in simple harmonic motion with centre B.

(6)
(c) Find the greatest magnitude of the acceleration of P.

2
The midpoint of BC is D. The point E lies vertically below 4 and AE = 1.21.
(d) Find the time taken by P to move directly from D to E.

C))

TOTAL FOR PAPER: 75 MARKS
END
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Question

Number Scheme Marks
1.
. . 39
R5|n0=mx4r5|n0x8— M1A1A1
r
3
R=—m
> g
Rcoséd =mg M1A1
3
3 mg cos & = mg M1(dep)
2
cosfd=— Al
3
2 8
OC=4rcos€=4r><§=§roe M1A1
[9]
Notes for Question 1
3g V2 .
M1 | for NL2 towards C - Accept use of v = 8_ and a=— asa mis-read
r r
Al | for LHS fully correct
Al | for RHS fully correct
ALT: Work in the direction of R and obtain the same equation with sin @ "cancelled".
" | Give M1A1AL if fully correct, MO otherwise.
M1 | for resolving vertically
Al | for the equation fully correct
M1 dep | for eliminating R between the two equations Dependent on both above M marks
2
Al | for cosd = 3
M1 | for attempting to use trig or Pythagoras to obtain OC
8
Alcso | for OC =§r




Alternative for Question 1

M1A1Al RsinH:mxaxz—g
r

M1 Al | Rcosd=mg

M1 Al tan6?=3—6l
8r

a 3a

MLl | —=—
OC 8r

8r

Al | OC=—
3




Question

Number Scheme Marks
2.
(@) (At surface) %z mg = k =mgR’® M1A1 2
2
0) | mx=-"9%
X
2
vav__ gFi M1
dx X
dv ,r 1 d(%Vz)
v&dx_—gR j?dx or I o dx
2
%vz _9R° (+c) DM1A1
X
x=2R - [9R __11gR DM1A1
4 2 20
2
V=0 0:£_1;%R_ DM1
X
_20R Al )

(9]




(@)

M1

Al cso
(b)
M1

M1 dep
Al

M1 dep

Al
M1 dep
Al cso

ALT:

DM1

DM1
Al

Al cso

Notes for Question 2

k
for ? =mg . If not made clear that this applies at the surface of the Earth award MO or

k
7=mg and x=R.

for k = mgR?* *

: dv . : . . .
for using accel = Vd— oe in NL2 with orw/o m Minus sign not required.
X

for attempting to integrate both sides - minus not needed
for fully correct integration, with or w/o the constant. Must have included the minus sign from the
start.

5R / R R
for using X = T' V= 97 to obtain a value for the constant. Use of X = Z scores MO Depends

on both previous M marks

for c= _1igR
20
for setting v =0 and solving for x Depends on 1st and 2nd M marks, but not 3rd
20R
for X=—+
11

By definite integration
First 3 marks as above, then
R R
Using limits X=5—, V= 9
4 2

Using limit v=0
Correct substitution

for X=—+—
11

NB: The penultimate A mark has changed position, but must be entered on e-pen in its original
position.




Alternative for Question 2

Qu2(a)
Using F = %EMZ with x =R and one mass as mass of Earth:

X

GmM,_
2
oM, =gR? = F =" _ X ith k=mgr? *
X X

M1 Complete method Al Correct answer
Qu 2 (b):
By conservation of energy:

. : z ng2 z 2,,-2
Work done against gravity = |5, ——dX = I5r mgR“x™“ dx M1

7 X 4
2

= @ —m DM1(integration)Al(correct)

z

mgR _ 4mgR mgR*
5 z

Work-energy equation: DM1A1l

_ 20R

= DM1Al
11




Question Scheme Marks
Number
3.
€)] Shell wax filled shell
Mass ratio m 3m 4m
. 2 3 -
Dist. above vertex —xbr —x2n X B1
3 4
9 _
4mr +§mr=4mx M1A1ft
- 17
8
r r
(b) tand = — = M1ALft
6r-x 31r/8
8
tanfd=—
31
0=14.47.° Al 3)
(7]
Notes for Question 3
(a)
B1 | for correct distances from the vertex or any other point
M1 | for a dimensionally correct moments equation with their distances and masses
Al ft | for a correct moments equation, follow through their distances but must have correct masses
Al cso | for 7=£r
8
NB: If 2 and 3 are interchanged in the distances, the correct answer is obtained but the solution is
3 4
incorrect. Score: BOM1A1A0
(b)
r
M1 | for tané = P Can be either way up, but must include 6r —X . Substitution for X not required
r—X
Alft | for tanf= oe fttheirX
31r/8
for 8 =14.47...° Accept 14°, 14.5° or better or 8 =0.2525...rad
Al cso Accept 0.25 or better

Obtuse angle accepted.




Question

Number Scheme Marks
4
2 M1A1
(@) §EE£—:2mgxsina B1(Alone-
2l pen)
3x2=4xlx§
5
5x* = 4xl
4
XZEI DM1ALl  (5)
8
(b) R =2mgcosa (=gmg] B1
M1ALlft,
SﬂxiP:ngxgle—, ,ugmgxgl B1ft (Al one-
21 25 5 5 5 ) pen)
6=12-16u
3
161 =6 ,u=§ DM1Al1 (6)

[11]




(@)

M1

Al
Bl

M1 dep

Al

(b)
Bl

M1

Al
B1ft

M1 dep

Al cso

(@)

(b)
B1

M1, Al

B1ft

DM1, Al

Notes for Question 4

2

for an energy equation with an EPE term of the form and a GPE term. If a KE term is

kmgx
|
included it must become O later.

for a correct EPE term

for a correct GPE term. This can be in terms of the distance moved down the plane or the vertical
distance fallen

for solving their equation to obtain the distance moved or using the vertical distance and obtaining
the distance moved along the plane.

4 12
for x=—1 oe eg x=—I
5 15

for resolving perpendicular to the plane to obtain R =2mg cos« . May only be seen in an equation.

2

kmgx

for an work-energy equation with an EPE term of the form , @ GPE term and the work done

against friction. The work term must include a distance along the plane.
for EPE and GPE terms correct and work subtracted from the GPE

for the work term ft their R

for solving to obtain a value for u

3
for u =§ oe inc 0.375 but not 0.38

If m used instead of 2m, assuming correct otherwise:
M1A1BOM1AO  (so 2 penalties for mis-read)

R =mgcosa
. . 2, 3
Equation, with EPE correct and mg XEI xg

Amg 2
5 5
#=0




Alternative for Question 4
Qu 4: Using NL2:

(@)

2ma =2mg Sina_Bmgx
ZV% :6?9_3% M1(equation and attempt integration)

X

2
V2=%_3gx , +C Al, Al (show ¢=0)
5 2l
2 X

v=0 3gx T =0 M1 (set v =0 and solve)
] Al

5
(b)
R =2mgcos« B1
2\/%:6_9_%_#8&

dx 5 I 5
2
V2 = GSX - 32:( —ySSX, +C M1(egn and int)Al, Al (show c=0)
v=0 x:z—I ygzg—ixz—l M1 (set v =0 and solve)
5 5 5 21 5
3
== Al

"%

If SHM methods are used, SHM must be proved first.




Question

Number Scheme Marks
5.
(@) Vol = ﬁjf y2dx = n.[f cos? xdx M1
1
— 2
—ﬁjo 2(c032x+1)dx M1
z 2
ZEFSinZHXT:ﬂ_ DMIAL  (4)
2|2 . 4
b 2 vixdx = 712 xcos? M1
(b) ﬂL)y x dx ﬂL)XCOSXdX
=7rﬁlx(c052x+1)dx
02
Tz | X >
:——szc032xdx+—— —
2o 2| 2 |,
b4 z 5
z[x><lsin ZXT —zjzlsin 2xdx, + M1,B1
2|72 . 2% 16
z 3
=0+£{10082X}2 +7Z— DM1
2|4 , 16
3 3
—Z[—l—l] r_r. r Alft
8 16 16 4
3 2 2
= 4. T T4 0.467088... M1ALl (7)
16 4 4

[11]




(@)

M1

M1

M1 dep

Al cso

(b)
M1
M1
B1
M1 dep

Al ft

M1

Al cso

Notes for Question 5

for using Vol = ﬁjf cos® xdx. If 7 is missing here it must be included later to earn this mark.

Limits not needed

for using the double angle formula (correct) to prepare for integration. Formula must be correct.

7z and limits not needed for this mark.

for attempting to integrate and substitute the correct limits (only sub of non-zero limit needed be to

seen) dependent on both M marks.
2

for % * (check integration is correct, answer can be obtained by luck due to the limits)

NB: The first 5 marks can be earned with or without 7

for using 7Z'J.OEXC032X dx 7z not needed; limits not needed.

for using the double angle formula (correct) and attempting the first stage of integration by parts
3 2

for 71T_6 or 71Z—6 if 7 notincluded. NB integration by parts not needed for this mark

for completing the integration by parts, limits not needed yet

3 3 2 2 3
for :ﬁ[_1_1]+”_:”__£ or zl[—l—1]+”—=”——i on =
8 16 16 4 8 16 16 4 16
J my?xdx
for using X ==————  The numerator integral need not be correct.
I;zyzdx

7 should be seen in both or neither integral

2

for X =2 oe eg %—i or 0.467088....

T /4
Accept 0.47 or better but no fractions within fractions

(a) has a given answer, so the cso applies to the solution of (b) only.




?\lttjjﬁgg? Scheme Marks
6.
\" —
1 2 1 2
(@ EWJ—Emv:mma M1A1
V2
T+mg=m— M1A1
a
(mU?-4mga)
T=———"-mg DM1
a
2
T=mU —5mga AL
a
T>0 =U’>5ga DML
U > /5ag * Al ®)
(b) |Attop: T=2M9aTOMEA_, M1 (either
i - M tension)Al
2
Atbottom: T'—mg= my Al
a
H‘:mg+9mag:10mg DML
10mg 5
“amg 2 AL @)

[13]




(@)
M1

Al
M1

Al

M1 dep
Al

M1 dep

Al cso

(b)
M1
Al

Al
M1 dep

Al cso

Notes for Question 6

for an energy equation, from the bottom to the top. A difference of KE terms and a PE term needed.

From bottom to a general point gets MO until a value for @ at the top is used. v =u®+2as
scores MO

for all terms correct (inc signs)

for NL2 along the radius at the top. Two forces and mass x acceleration needed.

Accel can be in either form here. But see NB at end of (a)
2

. . %
for a fully correct equation. Acceleration should be — now.
a

for eliminating v (vel at top) between the two equations. Dependent on both previous M marks. If v
is set =0, award MO

for a correct expression for T

for using T > 0 to obtain an inequality for U? or U. Allow with > Dependent on all previous M
marks.

for U > /5ag * Watch square root! Give AQ if > seen on previous line.

NB: The second and fourth M marks (and their As if earned) can be given together
2

. Ve
if mg <m— isseen
a

for obtaining an expression for the tension at the top or at the bottom, no need to substitute for U yet.
Substitute for U and obtain one correct tension (4mg at top or 10mg at bottom)

for the other tension correct

for using tension at bottom = k x tension at the top and solving for k

for k =E oe
2




Question

Number Scheme Marks
7.
@ |T :%:MIO'SI M1AL
1=2mg* Al ®)
(b) mg —T =mX M1
2mg (0.5 + x)
mg —fz DM1A1A1l
x:-@ Al
Alcso(Bl one-
.. SHM
pen)  (6)
(c) a=0.3l
. 0.3l )
|Amx:29x—r—:069 (:588(1 59ms ) M1ALft  (2)
29
(d) x=acoswt =0.3l cos T t
. 29
Time Cto D: 0.15=0.3cos T t M1
I
t= [|—co0s 0.5
29
Time Cto E: t' = half period = 7 /Zl_g B1
. a I 2z ||
TimeDtoE: =(z-c0s"0.5), |—="= | — MIAL  (4)
2g 3

[15]




(@)
M1
Al

Al

(b)
M1

M1 dep
Al Al

Al
Al cso

(©
M1
ALft

(d)
M1

B1

M1

Al cao

ALT for
(d)_:

()

M1

M1, Al

(ii)

Notes for Question 7

for using Hooke's Law
for a correct equation
for solving to get A =2mg *

for using NL2. Weight and tension must be seen. Acceleration can be a here, but must be an equation
at a general position

for using Hooke's Law for the tension. Acceleration can be a

for a fully correct equation inc accelerationas X (-1 ee)

2
for simplifying to X = _%

for the conclusion

for using |X|max = w"a with their @ and a=0.3l. @ must be dimensionally correct
for obtaining the max magnitude of the accel, accept 0.6g, 5.9 or 5.88 only. ft their @

for using x =acoswt with x =+0.15l, a= 0.3l and their @ to obtain an expression for the time
fromCtoD

/ I
for time C to E = half period = 7 2—
g

For any correct method for obtaining the time from D to E

for 2F i oe inc 0.473J1 0.471
3 \2¢g

Use x =asinwt with x=0.15l, a= 0.3l and their @ to obtain an expression for the time from B
toD
as above

Using x =acoswt with x==0.15l, a =0.3l and their @

This gives the required time in one step.

Award M2 Al for correct substitution

Al correct answer

However do not isw if further work shown. Mark according to mark scheme method and give
max M1B1MOAO.




Alternative for Question 7
Qu 7 (d)

By reference circle:

E C
D
Centre of circle is O
AngleCOD=6 AngleEOD = «
cos«9:£5I 6':Z M1
0.3l 3
T 27
a=r——=— B1
3 3
2
e |29
I
time =% =278 _27 |1 M1A1

0] 29 3 \2¢g
I




